Exchange interaction is the conceptual foundation to the understanding of the covalent bond, ferromagnetism, and electron transport phenomenon. However, its evaluation has always been a formidable problem. We show that within the Hartree-Fock and muffin-tin potential approximations, using time-dependent perturbation theory, simple analytic expressions of the exchange interaction between two atomic states can be obtained. To assess the accuracy of the method, we evaluated the dissociation energies and the vibrational frequencies for homonuclear diatomic molecules built from atoms in the first two rows of the periodic Since the seminal work of Heitler and London, 1 exchange interaction has been the conceptual foundation of the covalent bond 2,3 and ferromagnetism. 4 In nanoscience and nanotechnology, the understanding of atomic forces, 5-10 magnetic nanostructures, 11 and electron transport 12 also relies on the concept of exchange interaction. However, the evaluation of the exchange integral 3,13 has always been a formidable problem. 14, 15 As pointed out by Herring, 16 the Heitler-London method 1 predicts a wrong sign of the exchange interaction at large internuclear distances, besides a 33% error in the dissociation energy. In 1962, Herring 16 and Landau 17 independently developed a perturbation method, resulting in a surfaceintegral expression for the exchange interactions. For the hydrogen molecule, an exact asymptotic expression is derived. 18, 19 That method was applied to the asymptotic behavior of diatomic molecules with alkali metal atoms. 20 Using an interpolating method, the exchange interaction for the entire distance range can be obtained. 21 However, those methods [18] [19] [20] [21] can only apply to hydrogen-like atoms. Here we show that within the Hartree-Fock and the muffin-tin potential approximations, 22 their method can be extended to general diatomic molecules over intermediate internuclear distances. Using time-dependent perturbation theory, we show that the expression of exchange interaction as a surface integral 16, 17 is mathematically identical to the tunneling matrix elements of Bardeen. 23 Using the derivative rule, 5 the surface integral can be reduced to simple analytic expressions. The constants therein can be evaluated from the Roothaan-Hartree-Fock atomic wave functions.
Since the seminal work of Heitler and London, 1 exchange interaction has been the conceptual foundation of the covalent bond 2, 3 and ferromagnetism. 4 In nanoscience and nanotechnology, the understanding of atomic forces, 5-10 magnetic nanostructures, 11 and electron transport 12 also relies on the concept of exchange interaction. However, the evaluation of the exchange integral 3, 13 has always been a formidable problem. 14, 15 As pointed out by Herring, 16 the Heitler-London method 1 predicts a wrong sign of the exchange interaction at large internuclear distances, besides a 33% error in the dissociation energy. In 1962, Herring 16 and Landau 17 independently developed a perturbation method, resulting in a surfaceintegral expression for the exchange interactions. For the hydrogen molecule, an exact asymptotic expression is derived. 18, 19 That method was applied to the asymptotic behavior of diatomic molecules with alkali metal atoms. 20 Using an interpolating method, the exchange interaction for the entire distance range can be obtained. 21 However, those methods [18] [19] [20] [21] can only apply to hydrogen-like atoms. Here we show that within the Hartree-Fock and the muffin-tin potential approximations, 22 their method can be extended to general diatomic molecules over intermediate internuclear distances. Using time-dependent perturbation theory, we show that the expression of exchange interaction as a surface integral 16, 17 is mathematically identical to the tunneling matrix elements of Bardeen. 23 Using the derivative rule, 5 the surface integral can be reduced to simple analytic expressions. The constants therein can be evaluated from the Roothaan-Hartree-Fock atomic wave functions. 24, 25 By introducing an equilibrium internuclear distance, using the Morse function, 3, 26 potential energy curves on the entire distance range are obtained.
To assess the accuracy of the method, we derived dissociation energies and vibrational frequencies for homonuclear diatomic molecules from atoms of the first two rows of the periodic table. The results are in good agreement with experimental data 26, 27 and its accuracy matches that of typical first-principle computations. 28, 29 For the purpose of computing dissociation energies at equilibrium configurations, first-principle numerical methods, especially the density-functional theory, are more general and powerful. 28, 29 The analytic approach, on the other hand, may provide deeper understanding of the underlying physics, for example, by deriving analytic expressions for systematic behaviors and correlations. The muffin-tin potential approximation is well tested in the band-structure computation of solids. 22 An implementation to homonuclear diatomic molecules is shown in Fig. 1 . For each atom, within a radius r m , the potential is spherically symmetric. Outside r m , the potential equals the vacuum level, U = 0. The single-electron Schrödinger's equations of free atoms are
where n is the principal quantum number, l is the azimuthal quantum number, and m is the magnetic quantum number. After the two atoms approach each other to form a molecule, the time-dependent Schrödinger's equation of an electron is
Similar to Bardeen's tunneling theory, 23 we assume that the unperturbed atomic wave functions of the two atoms are almost orthogonal, FIG. 1. Muffin-tin potential for a homonuclear diatomic molecule. Inside the muffin-tin radius r m , the potential is spherically symmetric. Outside r m , the potential equals the vacuum level, U = 0. Schematically, the energy levels for 2s and 2p electrons of carbon are shown.
The symmetry of the problem suggests the ansatz,
where c A ͑t͒ and c B ͑t͒ are time-dependent coefficients to be determined by Eq. ͑3͒. Intuitively, the two wave functions in Eq. ͑5͒ should have the same n, l, and m. This point will be verified later. For clarity, from now on, the labels nlm are omitted. Using Eq. ͑3͒, noticing that inside muffin tin A, the amplitude of the wave function of atom B is negligible, and vice versa,
we obtain the following equations for the coefficients,
where
Because U A is nonzero only in the muffin tin of atom A, Eq. ͑8͒ can be evaluated over a volume ⍀ A containing muffin tin A but not muffin tin B. The simplest choice is to use the median plane ⌺ as the boundary, see Fig. 1 . Using Eq. ͑1͒, Eq. ͑8͒ becomes
Using Eq. ͑2͒ and notice that in ⍀ A , U B = 0, we have
Using Green's theorem, the volume integral can be converted into a surface integral on ⌺,
Mathematically, it is identical to Bardeen's tunneling matrix element. 23 Similarly, M B can also be converted into a surface integral. By adjusting the relative phase of A and B , both M A and M B can be made real and non-negative. Denoting
we obtain two independent solutions of Eq. ͑3͒,
and
Two stationary-state solutions can be obtained as linear combinations of Eqs. ͑14͒ and ͑15͒,
Here, ⌿ e is the even, or bonding molecular orbital, with a lower energy eigenvalue; and ⌿ o is the odd, or antibonding molecular orbital, with a higher energy eigenvalue. The covalent-bond energy E c ͑R͒, as a function of the internuclear distance R, is
The surface integral in Eq. ͑12͒ can be evaluated using the derivative rule in tunneling theory. 5 Outside the muffin tin, the atomic wave function is
where r is the electron-nucleus distance, k l ͑͒ is a modified spherical Bessel function, Y lm is spherical harmonics. For the constants and C nl , see below. The general result is
The numerical coefficients a n are listed in Table I . The constants and C nl in Eqs. ͑19͒ and ͑20͒ can be obtained from the Roothaan-Hartree-Fock atomic wave functions: 24, 25 The constant is related to the energy level of the atomic state, = ͱ − 2m e E nl /ប.
͑21͒
The constant C nl is obtained by a least-squares fit to the Roothaan-Hartree-Fock radial atomic wave functions R nl ͑r͒ for r Ͼ r m : 
In the established practice of the APW method, 22 the muffin-tin radius is defined as equal or slightly smaller than one half of the equilibrium internuclear distance. Here we take r m = 0.4R e . The results for 12 elements are listed in Table  II . Typical distance dependence of the interaction energies is shown in Fig. 2 .
Using the Aufbau process, 3, 17, 26 the total covalent-bond interaction energy E c ͑R͒ can be obtained. For inert-gas atoms, He, Ne, and Ar, and alkali-earth metals, Be and Mg, the bonding and antibonding interactions are paired. The total covalent bond interaction energy is zero. For other molecules, see Table II .
To construct the potential curve on the entire distance range, we use the Morse function 3, 26 
where D e is the dissociation energy, and a is a constant. The dissociation energies thus predicted are listed in Table II and Fig. 3 . The vibrational frequency of the ground state molecule, e , can be obtained from the constants in the Morse function through the relation
where c is the speed of light, and is the reduced mass of the molecule, in atomic unit, m͑ 12 C͒ / 12. A comparison of theoretical data with experimental data 27 is also shown in Table II and Fig. 3 . As shown, besides alkali metals ͑espe-cially Na, where the muffin-tin potential fails because of the huge orbital radius͒, the theoretical values agree well with experimental values. The accuracy is in line with the accuracy of typical first-principle computations using the localdensity approximation, 10-20 % in dissociation energy. 29 Although we exemplified the method with homonuclear diatomic molecules, it can easily be applied to heteronuclear cases. The theory only requires that the energy levels of the relevant states are aligned. For example, in Fe 3 O 4 , the partial TABLE II. Experimental and theoretical data for homonuclear diatomic molecules. Column 1 is the molecule. Column 2 is the ground state of the free atom. Column 3 is the ground state of the molecule, see Ref. 26 . Contents of columns 4, 5, 8, 11, and 13 are taken from Ref. 27 . Column 5, R e , is the experimental equilibrium internuclear distance. Column 6, E nl , is the orbital energy of the outermost valence electron, taken from Refs. 24 and 25. Column 7 is the constant , computed from the orbital energy using Eq. ͑21͒. Column 8, is the reduced mass of the molecule. Column 9, C nl , is the normalization constant of the atomic wave function outside the muffin tin, obtained through a least-squares fit with the Roothaan-Hartree-Fock atomic wave functions. Column 10, a, is the constant in the Morse curve, obtained through a least-squares fit using Eq. ͑24͒. Column 11, D exp , is the experimental dissociation energy. Column 12, D theo , is the theoretical dissociation energy, obtained from the parameter of the Morse curve. Column 13, exp , is the experimental vibrational frequency. Column 14, theo , is the theoretical vibrational frequency, obtained through Eq. ͑25͒.
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Lowest electron configuration ionic bonding of Fe-O makes the energy levels aligned. The derivative rule works for any combination of electron wavefunctions if one of them is in the form of Eq. ͑19͒.
In conclusion, we have derived simple analytic expressions of the exchange interaction within the Hartree-Fock and muffin-tin potential approximations. The dissociation energies and the vibrational frequencies thus predicted agree well with experimental values. The accuracy matches that of typical first-principle numerical computations. The method can be applied to problems in nanoscience and nanotechnology, including atomic forces, nanomagnetism, and electron transfer in molecules. Table II . ͑a͒ dissociation energy. ͑b͒ vibrational frequency. The experimental data are taken from Ref. 27 . As shown, besides alkali metals, such as Na, the theoretical predictions agree reasonably well with experimental values.
